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Abstract : Zhang [3] studied the European option pricing problem when the underlying asset follows the
geometric Riemannian Brownian motion. Motivated by [3], we, in this paper, investigate the asian option
on Riemannian manifolds. By exploring the relationship between Riemannian Brownian motion on Rieman-
nian manifolds and Euclidean Brownian motion, we derive the pricing equation of the geometric average
asian option on Riemannian manifolds, and provide a semi-explicit expression for the solution by using the
fundamental solution.
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. INTRODUCTION

In 1973, under some assumptions, Black and Scholes[7] obtained a relatively complete option pricing
formula (Black-Scholes formula) by constructing the stochastic differential equations of the underlying asset
price and applying the method of Risk Hedging. However, too many assumptions result in some errors between
the option value obtained from the Black-Scholes formula and the actual data in the financial market. In order to
solve this problem, researchers made further research in combination with the real market, most of them relaxed
the assumptions of the Black-Scholes model. In the assumptions of Black- Scholes model, the change of stock
price is continuous, which means the diffusion process of stock price obeys lognormal distribution. But in the
real world, there will always be some important information that leads to dramatic change in stock price process,
and then the stock price will change intermittently, such as jumping. Based on this consideration, in 1975,
Merton[18] established a different diffusion process of stock price, namely jump diffusion model. In this model,
Merton added the position process to the option pricing model. In 1987, hull and white[4] approximated the
average value of each node of the binary treeby adding nodes and using the method of linear interpolation, and
finally calculated the option price by the method of backward discount.

In 1990, Kemna and Vorst[25] obtained an analytic formula of geometric average option pricing by
changing the volatility of asset price and the execution price of option contract. In 1991, Elias Stein and Jeremy
Stein[14] assumed that volatility was driven by the arithmetic process of Ornstein-Uhlenbeck, and derived the
option pricing by double integration. In 1992, Edmond Iévy[23] used geometric Brownian motion to describe
the arithmetical average distribution of price and transformed the pricing problem of Asian option into that of
European option so that a more accurate approximation was obtained. In 1998, after further exploration,
Varikooty, Jha and Chalasani[16] solved the pricing problem of Asian option in the discrete case by using the
trident tree method. In 1999, Chan[11] replaced Brownian motion with a general Lévy process, and obtained an

integral differential equation about the option price.
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In 2001, Jin E. Zhang[19] obtained a semi-explicit expression of the pricing formula of the arithmetic
mean Asian option with fixed strike price. In addition, he calculated it by numerical method and got good
numerical results. The expressions of solutions in some feasible regions do exist, which, however, was not fully
utilized. In 2002, Ju[24] put forward a complex option pricing method. He used the average characteristic
function of Taylor expansion to get the approximate solution of the pricing problem, which put aside the
relevant assumptions of Black-Scholes model.

Since the Black-Scholes model was put forward, scholars from the whole world have put forward
various options pricing models and methods, such as PDE method, analytic approximation method, binary tree
method, finite difference method, Monte-Carlo simulation method, etc. It is quite surprising that in 2016,
Zhang[3] studied the pricing of European option whose underlying asset diffusion process follows the general
geometric Riemannian Brownian motion, obtained the corresponding semi-explicit solution. By choosing proper
Riemannian metrics, he verified that the distribution of return rates of the stock has the character of
leptokurtosis and fat-tail, and explained option pricing bias and implied volatility smile.

In fact, besides time, there are many factors that affect the process of asset pricein the real world

besides time, such as exchange rate, inflation, policy implementation, etc. these unknown factors could be

regarded as a function }/(t)of time. We consider the asset price function in the sense of S = S(t, y(t) . For

convenience, we assume S = S(}/(t)). However 7(t)is not necessarily linear with time t. The line space is

"curved", we need to introduce the concept of manifolds. In this paper, we assume that the asse follows

Riemannian Brownian motion and study the pricing of Asian option on Riemannian manifolds.

1. PREPARATORY

According to the need of studying Asian option pricing on Riemannian manifolds, this section
introduces some necessary knowledge of stochastic differential geometry. For details, please refer to [2,
Chapter2, Chapter3, 3, Chapter3].

Let M be a d-dimensional smooth differential manifold, T,M be the tangent space at b, TM be the
tangent bundle, F(M )be M's standard frame bundle, andz:F(M)—)Mdenote a projection map. If the

vector field U, is parallel along 7zu, for eache € RY, then the curve U, in F(M )is horizontal, u’(0) s called

the horizontal lift of the tangent vector (7ZU) (0)
Let € € RY,i=12,---,d be the coordinate unit vectors. We define the vector fields H,,i=12,---,d,

by
H,(u):= the horizontal liftof ug, €T, M —>u.

wherey e F(M).

LetU, be a horizontal lift of a differentiable curve b, on M. Since bt eTth\/I , we have u{lk')t eR?. The

anti-development of the curve b, (or of the horizontal curve U, ) is a curve W, in R defined by
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t .
w, = [ u'bds. @.1)
Hence the anti-development W, and the horizontal liftu, of a curveb,on M are connected by an ordinary
differential equation on F(M)

i, = H,(u, W 2.2)

Let V be an affine connection defined on the tangent bundle TM. We consider the following SDE on the
frame bundle F' (M ) in the sense of Stratonovish integral:

du, =H, (U, )edw,, (2.3)
where W is an R? -valued semimartingale. Stratonovich integral has the advantage of leading to ordinary chain
rule formulas under a transformation, i.e. there are no second order terms in the Stratonovich analogue of the Itd
transformation formula. This property makes the Stratonovich integral natural to use for example in connection

with stochastic differential equations on manifolds. We now give some definitions. All processes are defined on

a filtered probability space (Q, ., P) and are % -adapted.

Definition 2.1 ([2, Definition 2.3.1]) (i)An F (M )-valued semimartingale U is said to be horizontal if there
exists an R? - valued semimartingale W such that (2.3) holds. The unique W is called the anti-development of U
(or of its projection B = 7zU ).

(if) Let W be an RY- valued semimartingale and U, be an F(M)-valued, F,- measurable random
variable. The solution of the SDE (2.3) is called a (stochastic) development of W in F (I\/I ) Its projection
B =7U s called a (stochastic) development of W in M.

(i) Let B be an M-valued semimartingale. An F (M )-valued horizontal semimartingale U such that its
projection 77U =B is called a (stochastic) horizontal lift of B.

Assume that M is a closed submanifold of R® and regard B = {B“} as an R® - valued semimartingale.
For eachb e M, let P(b): R¢ — T, M be the orthogonal projection from R to the subspace .M < R,

Then intuitively we have the horizontal lift U of B is the solution of the following equation on F(M)

dU, =P, (U,)-dB,, (2.4)
where P;(u)is the horizontal lift of Pa(ﬂu) And the anti-development W of horizontal semimartingale U
satisfies
t
W, = [U.*P, (B,)~dB, (2.5)
0
where B, = 7U, .

Unlike the Euclidean Brownian motion, Brownian motion on a Riemannian manifold M is a diffusion

process generated by A,, /2, where A,, is the Laplace-Beltrami operator on M. We assume that M is a

Riemannian manifold equipped with the Levi-Civita connection V , Given a probability measure £ on M, there
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is a unique A, / 2-diffusion measure P, on the filtered measurable space (W(M), B*)(the path space over M).
Any A, / 2-diffusion measure on W(M)is called a Wiener measure on W(M) In general, an M-valued
stochastic process B is a measurable map (random variable) B : Q2 —>W (I\/I )defined on some measurable
space (Q, T’). Rougly speaking, Brownian motion on M is any M-valued stochastic process B whose law is a
Wiener measure on the path space W(M )

Proposition2.2 ([2, Proposition 3.2.1]) LetB: Q —>W (I\/I )be a measurable map defined on a probability
space (Q, F, P). Letu=Po BO_1 be its initial distribution. Then the following statements are equivalent.

(i)BisaA,, / 2 -diffusion process (a solution to the martingale problem for A, [ 2with respect to its own

filtration 7.° ), i.e.
def

M (B) —f (B,)- f (BO)—%J:AM £ (B,)ds,0<t <e(B)

is an & -local martingale for all / € C” (M)
(ii) The law P® = P o B is a Wiener measure on W(M) ie. P?= Pﬂ )
(iii) B is aE? -semimartingale on M whose anti-development is a standard Euclidean Brownian motion.

An M-valued process B satisfying any of the above conditions is called a (Riemannian) Brownian motion on M.
Let M = Rbe equipped with a general connection given by V . =I'e, where e is the usual unit vector

on R: e(f)=1", and["eC” (R). we assume U = (b, y)e F(R).b, e C*(R), andu, = (b, y,) is a
horizontal lift of b, such that b(O)zl and U, =U.HenceV, y, = 0,ie.

Yy +F(bt)btyt =0.

Since the orthogonal projection P(b): R — T,R = Ris an identity, the horizontal lift of P(/ZU)at uis

P*(u)=(6(0). y(0))= (L—yr (b).

Let B be a semimartingale. According to (2.4), the horizontal liftU, = (Bt ,Yt) of B is determined by

{d (Bt’Yt): (1’_YtF(Bt ))OdBt . (2.6)
(Bo’Yo): (Bo' y)
Note that
d [ T(s)ds =T'(B,)odB, .
The following identity holds,
Jz '(B,)-dB, = IOB‘ (s)ds— _[0 " I(s)ds @.7)

Define

X

G(x)= [T () 9(x)= [y

0
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From (2.6 ) and (2.7), we have
Y, = yem(—I;F(Bs)ost)
= yexp(G(B,))exp(-G(B,)).
Hence, the horizontal lift which passes through ( BO, y) of B is given by
U= |B .vexp(G(B,))exp(-G(B,)) :| .
If the anti-development W, of B satisfys W, =0, combined with (2.5), we have
W, :j; y " exp(-G(B,))exp(G(B,))-dB,

=y exp(-G(B)))(¢(B)-0(B,)). 28)

Theorem 2.3 LetM = Rbe equipped with a Riemannian metric g. If B is a Riemannian Brownian

motion and the horizontal lift U of B satisfiesU,, = (B, y), then

dB, =y g(Bo)th—%yzg(Bo)wdt. (2.9)

t
9(B)
Proof: refer to [3] to give a simple proof as follows:

There is a unique Levi-Civita connection compatible with metric g on Riemannian manifold (R, g). In

local coordinates, the Christoffel sign of Levi-Civita connection induced by g is given by
Lty 219
r(x)=5909"2(x) =5=(In(g(x)),

where g(x)‘l is the inverse matrix of g(X) .

We have

Then through (2.8), we have

If B is a Riemannian Brownian motion, then
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g, =y |2Bo) . qwy

S FTCY
—y /zizf;dwt%y«/g(%)d ﬁ W,

o 19(Bo) Lo oy 9'(B)
=y g(Bt)th 2 (Bo)g(Bt)zdt.

In particular, it is pointed out in reference [3] that if the initial value of the horizontal lift U is fixed and

satisfies

then

_ (2.10)
g(B) = 49(B)

If M is equipped with a Riemannian metric, we can define the anti-development, horizontal lift, etc. Based

1
on this point of view, (2.10) is considered on O(R). Since g(x)fi: (R,the usuall Euclidean
metric) — (TXR, g(X)) is unitary.

I PRICING MODEL

The purpose of this section is to establish the pricing equation of Asian option on Riemannian
Manifolds (taking geometric average call option with fixed strike price as an example).

Let B be a Riemannian Brownian motion on ( R, g) , where By =0. {th} is a natural filtration generated

t>0
by B, and (Q, F {Tt }tzo, P) is a probability space. Let us consider a simple market. In this market, there are two
assets,the stock S and the risk-free bond D, whose prices satisfy the following diffusion processes

dS, = uS,dt+ oS, -dB,, (3.1)

dD, =rD,dt,
where £, o and r are some constants.

Combine with It0 -Stratonovich integral conversion formula, we have

a8, =—*ar-% aip) + > as, (3.2)
o 2 oS,
From (2.10), we have
d(B) = L, (3.3)
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Substitute (3.2), (2.10) into (3.1), we have

2 ’
ﬁz(ﬂ o Eg(Bf)JdtJr 2__aw,, (3.4)

s, \"T2eB) 4eBY )" JeB)"

t
where W is the anti-development of B, which is a standard Euclidean Brownian motion.

Theorem 3.1 Define a process by
o t
W, =W, - | ©,du,

where

(3.5)

Let
Z, = ‘o.dw, — L (‘e
. = EXp L@u ”_E-[OQ‘ Ue.
T ~
Assume EIO o3 (u)Zuzdu < 00, then the probability measure P given by
P(A)=[ 2,d0P(w),VAcF

is a probability measure on (Q, Fr ) , and the processV\~/t is a standard Euclidean Brownian motion under 13 .

Proof: referring to [3], applying Girsanov theorem ([13, theorem 5.3.1]) and Novikov theorem (12,
proposition 5.12), we can prove theorem 3.1.

Suppose we have used the risk neutral measure to complete the conversion of the stock price process, put
~ t
W, =W, - [ ©,du

into (3.4), we have

dw

t?

< - U+ °o g + Q, |dt+ ——

Combining with (3.5), we have

dB =|TTH__ 9 Nyt g
o 2g(B) g(8)

Let’s choose the risk-free bond D with one unit payoff as a numeraire. For any process Z, let us denote the

numeraire-rebased process D'z by Z ®  Then the price process can be recorded as StD , L€
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then

D 2 ’
a5, u—r+ o —G g(B dt+
S0 29(B,) 4

Hence under P, we have

J

s’ _ o>  o49(B) i
H—r+ - W, , (3.6)
S’ ZQ(BI) 49(Bt) g 9
dStD _ (o2 dV\?
SID g(Bt) t

Since ¥, is a standard Euclidean Brownian motion under P, StD is a martingale under P .
From (3.6), we have

2
S2 =S2 exp Igﬁdwu —%ﬁﬁdu
Noting that
S =S,.S, =exp(rt)s,
the stock price under P is
S, =exp(rt)S, exp{J‘;Lqu ljta—zdu}
9(B)  279(B)

From (3.1), we have ° < F, ,and

dB, =-— L °
o oS,

t H
whereo >0, ie.F, < F°. Hence £° = F, . However we can't assert that V, is a function of time t and stock
price S, by Markov property. SinceV; is not a function of T and S; , it also relate to the path of S.

In order to solve the expression of Asian option price on Riemannian manifold, we extend S, and

introduce the second process
1,
J,=exp ;joln Sdry,

the SDE of J, is

dJ=1J (@j dt. (3.7)
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Since (St , Jt)obey (3.1) and (3.7), they form a two-dimensional Markov process [13,Corollary 6.3.2], the

payoff V; is a function of T and the terminal value (ST Jr )
In fact, by
+
V; = (JT - K) :
V; only depends on T and J- . Therefore, there must be a functionV(t, X, y) so that the price of Asian option

can be expressed as

V(LS. )= E[E}:p{—f rx-:fu}[ J. —K_II_ |T}

=E [exp{—jtT rudu}VT % } . (3.8)

Theorem 3.2 The price functionV (t, St ) Jt)of Asian option on Riemannian manifolds in (3.8) satisfies
the folloing PDE:

2g2
v _ ,oViIns—InJ 1 o’S 82V+r8%—rV:O,

+ 2
a - a ot zg(l(lnS—lnSO—yt)j &S
(o2

and boundary condition
V(S,3,T)=(J-K)".
Proof: Suppose o, # Oforeacht € [0, T]. Let V=V(S,J,t) be a replicable Asian option with the maturity T
and form a portfolio
IT=V(S,J,t)-AS.
According to the method of complete hedging, this portfolio is risk-free. Hence its yield is risk-free yield, i.e.
dIT=rIdt=r(V—AS)dt.

From 1t6 formula, we have

dIT=dV —AdS
~ N+ N gs + Mg +182\2 dS? - A.dS
ot oS oJ 2 0S

oV 1 o0°S? o oV dJ (av
= —+= >+ ——— |0t+| ——
ot 2g(B)aos® 4 dt oS

In order to make I'T risk-free within (t, t+ dt), take

Atjds . (3.9)

A =—.
0S

Substituting (3.9) and deleting dt, we have
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+rSa—V—rV:0, (3.10)

2
(InS—Ins, - ,ut)j ar A&

v, v 1 o’s’ o
ot oJ dt Zg(l

o
1,
where J, = exp {; fyIn Srdr} :

Hence the pricing model of Asian option on Riemannian manifolds is
202 2
! ! g( (InS—-Ins, —,ut)j . (311
(o
V(S,J,T)=(J-K)'

V. MODEL SOLUTION

In this section, we will deal with the Asian option pricing model (3.11) obtained in section 3 by a series
of mathematical methods.

For
_ 22
%h]?—vms InJ+% 1 oS gzs\é+r8%—rV=0,
J t g[(InS—InSO—yt)j
o
let
§:t|nJ+(T—t)|nS ,V(S,J,I)ZU(S,I), 4.1)
ol

we have

ﬂ_QJrQ['”_J_'”_S}
ot at ool o |
N Ut N T-tau

8  0F oTd oS oTS o0& -

oV _(T —tjz U T-tou
oTS ) 0% oTS? 8¢ -

0S?

Substituting the above results into (3.9), we have

ouU 1 (T—tjg U (r o (T —tj@U
—+ +| —— —-rU =0,
ot 29\ T Joet o 29\ T Jag

where A :J.;%f(s)ds—ﬁt .
- o

And the boundary condition

ul_, =V (J-K)

=(eG§—K)+.

Under (4.1), the Asian option pricing problem (3.11) is transformed into the following problem

=T (=T
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au 1 (T —tjz U ( o }(T —tjau
4 > + — —|—=-ru =0
ot 2g(A)\ T ) a¢ 29N T Jog , (4.2)

I
o
U |t:T = (ea‘f o K)+

where A :J.;TLsé'(S)ds—ﬁt :
- o

Next, let

W=Ue" n=¢ + (), =7(t). (4.3)

It's not hard to have

N _ et )W | gy _
e 02 02 ot |

U ,mOW U 4 O0W
Py I ey R 2
og on o0& on” -

Substituting the above results into (4.2), we have

5 amnl7) | (7o eom-e

(4.4)
Let
2
(=050 =~ T2ty T
and the terminal conditions
olT)=p(T)=y(T)=0
We have
ale)=r(T 1), pl0) =5 (T =1 0= 5 (T 1)
Substituting the above values into (4.4) , the problem (4.2) is transformed into
w_ 1 W, o ( T Jaw_o
or 2g(2)on® 29(A)\¥far?c)on (4.5)

W(77,0):(e”’7—K)+

where ﬂ_u(n, Z') = ﬂ(f,t).

For general Riemannian metric g, it is not easy to obtain a explicit solution of (4.5). We here provide a
semi-explicit expression for the solution by using the fundamental solution technique.

For
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(4.6)

oW 1 oW o T oW
ot 2g(2)on’ Zg(/T) ’

let a)(n,r) satisfy the equation

‘o 1 o
ot 2g( )an

=5(n,7)=38(n)d(r),

where ﬂ:( Y, K) = /T(?], r) , 5() is a Dirac- 0 function.

By using the generalized Fourier transform to find @, we assume that a)(n,r)is a tempered distribution

with respect to 77 [20], then

je"g” —(n.7)n- gl(i)feig” 2;?(77,1)%:5(?):

@+L|
or 29(2)

From the formula of the basic solution of the constant coefficients differential equation, we have

gzcbzé(r).

. Zg( )\g\
w==e (H(r)+C(g)).
where H () is a Heaviside function.

Since @ is atempered distribution, C(g)=0,and

Hence
1 2
1 ¢ i0n H(z) ¢ i Saz)el *
)= L [eaf, e = ) [airg 0l g
2 2
Using the Fourier transformation formula of Gauss function, we have

(77, 27[ J.e_lg( j TH > —dg (substitutiong:%)

2
n

=if>¢1(zﬂ);(29(z>ieg%

2r (21)2
A e
= H(T) ge g(ﬂ)z.

Hence
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60(7],2')2 gla -o(2)]

Since the heat-conduction equation is an irreversible process, we only consider the Cauchy problem of t>0.

Let Z (77 -4,1y, K') be the fundamental solution of the equation

e

or 29 (/T) 8772 ’

‘w1 &

Z(n—-¢,1;y.x)=

Define

K(m7:¢{,x)=

O(n,7,¢,6)= K, (17,4 %),

m=1

where K, = K K., (7,7:¢,x) = [ dO[ K, (7,7:y,0) K, (v,6:¢ ) dy:(m=2).
The fundamental solution W of Equation (4.6) is
¥ (n,7,¢,K) =Z(x—§,r;§,z<)+.[,(d49'|'RZ(x— y,7;y,0)@(y,0;¢,7)dy.
Hence the solution of Cauchy problem (4.5) is
W (77,1) = _[R\P(n,r;p,O)x(e"p — K) dp.
Return to the original variables, the semi-explicit solution of the equation (3.11) can be obtained as follows

3 2
(Tg;) ’tInJ +(T-t)InS . r(T-t) 0.p
ol 20T

2

T-t)
V(S,J,t)=exp| -r T_(BT—) IR‘P

x(e""—K)+dp.

V. SUMMARY

The main work of this paper is to do further research on the basis of predecessors. This paper mainly
studies the pricing model of Asian option on Riemannian manifold, and gives a semi-explicit solution to the
pricing formula of geometric average Asian call option with fixed strike price.

With the development of market economy, there are many kinds of options, such as lookback options,
knock-out options and so on. In order to be closer to the real financial market, we can consider the research of
all kinds of option pricing problems under the non-risk neutral measurement , and the research of all kinds of
option pricing problems under the incomplete hedging market in the future research of option pricing.
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