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Abstract:In this paper, we consider the equity premium puzzle under a general utility function. We derive that
the optimal strategy under a general utility function approximate the optimal strategy under the special utility
function. This result posed in the present paper can be regarded as a generalization of the work by Gong and
Zou [13]
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. Introduction
The equity premium puzzle was first put forward by MrMehra and Prescott [1] in 1985, through an
analysis of the American historical data over the past more than a century, they found that the return rate of
stocks is 7.9%, and the return rate of the corresponding risk-free securities is only 1%, the premium is 6.9%.

Since Mr. Mehra and Prescott proposed the puzzle of equity premium in 1985, this puzzle has attracted
a lot of scholars’ attention. Equity premium is the compensation for stock investors to bear stock risks. The
mystery of equity premium reveals a contradiction, that is, there is a big gap between the traditional asset
pricing theory and the actual return and price of assets, so it is of great significance to study equity premium.
Measuring and explaining equity premium is one of the most challenging research work in asset pricing theory
of modern financial economics. The equity premium puzzle was usually explained by finding the
inconsistencies with realities from the theoretical model, or by finding the causes and solutions to the equity
premium puzzle from the empirical aspects. We mainly focus on the first aspect to study the equity premium
puzzle.

Benartzi and Thaler [2], Barberis, Huang and Santos [3] explained the equity premium puzzle with the
prospect theory; while Camerer and Weber [4], Maenhout [5] explained it by the Ellsberg Paradox theory.
What’s more, Constantinides, Donaldson and Mehra [6] studied the asset pricing with limitations on borrowing
to explain the equity premium puzzle. McGrattan and Prescott [7] explained the equity premium by the change
of individual income tax rate. Heaton and Lucas [8, 9] researched the equity premium based on the infinite-
horizon model. Dai and Li [10] explained the equity premium under the consideration of investors’ general risk
aversion. Brad Barber and Odean [11] thought that the equity premium puzzle by virtue of the return rate of
stocks under the markets with various costs. Rietz [12] explained the equity premium by introducing the small
probability events which caused a decrease in consumption. Using the stochastic optimal control theory, Gong
and Zou [13] studied the equity premium puzzle based on the domestic output process satisfying a geometric
brownian motion, and derived the explicit solutions to the growth rates of consumption and savings and
equilibrium on all assets under the original special utility function.

Most of the classic equity premium is based on a specific utility function, which gives a reasonable
explanation of equity premium through the optimal strategy conversion in the sense of equilibrium. A natural
question is whether we can also study the equity premium by analogy under the general utility function?

Based on this consideration, this paper extends the utility function to the general utility function to
study the equity premium problem. Using the stochastic optimal control theory and the approach theory, this
paper studies and gives a reasonable explanation of equity premium.
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In this paper, we first study an investment strategy problem based on the domestic output process
satisfying geometric Brownian motion, and solve the optimal investment strategy of investors in the sense of
equilibrium market. It is proved that the optimal strategy under the general utility function can approach the
optimal strategy under the special utility function;Secondly, with the help of the above optimal strategy, this
paper calculates the expected return level of financial assets, and further obtains the corresponding premium
level. Therefore, we can get the corresponding equity premium level by tracking the optimal strategy of
investors. In other words, we prove that the level of equity premium under general utility function approaches to
that under special utility.Finally, this paper gives an example of Equity Premium Analysis and sensitivity
analysis. It is proved that the existence of the spirit of capitalism leads to the difference between the return rate
of risk-free assets and that of risk-free assets. After that, this paper uses the established theoretical model to
estimate the premium level of China’s A-share market.

1. Equity Premium Puzzle Model
Consider a financial market consisting of two assets:the government bond B, and the capital stock K.
The representative agent’s wealth W;has a representation
W(t) = B(t) + K(t).
Define
Bit) Kit)
S e =
Wie) ™ W),

g =

then we have ng + ng = 1, where ngand ngshow the proportion of the wealth invested on the bond and the
capital

We next assume that the output Y and the government expenditure G are modelled by stochastic
differential equations as follows [14, 15]:

dY = aKdt + aKdy, (2.1)
dG = gaKdt + aKdz, (2.2)

whereo is the marginal physical product of the capital stock K, dyis temporally independent, normally
distributed, and satisfies
Edy =0, Var(dy) = rJﬁ.

besides, g is the percentage of government expenditure accounting for output,dzis temporally independent,
normally distributed, and satisfies
Edz — 0, Var{ds) — o2,

If the inflation rate is stochastic, then the return on the government bond B will also satisfy a stochastic process.
In the period of time dt, the stochastic real rate of the return on the bond B, dRj is assumed to be

dRB = T'Bdt + duB. (2.3)

where the macroeconomic equilibrium determines rzand dugendogenously.

As for the second asset, the capital stock K, with Equation (2.1), the stochastic real rate of return on capital
can be given by

1Y
dRy = rT = adt + ady = rgdf + dug (2.4)

Without loss of generality, the taxes are levied according to the capital income and the consumption c, i.e.
dT = (trgK + 1.0)dt + T'Kdug = (taK + t.c)dt + t'aKdy  (2.5)
wherez, 7 are the tax rates on the deterministic component and the stochastic component of the capital income,
respectively, and 7_is the tax rate on the consumption.

In the absence of lump-sum taxation, government budget constraint can be described as
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dB = BdRy + dG — dT

A balanced product market requires

dK = dY — cdt — dG, (2.6)
Substituting (2.1),(2.2),(2.3) and (2.5) into (2.6), we have
%~ [a(1 - 9) —=5)dt + a(dy — dz) = pdt + a(dy — dz), 2.7)
K ngW

With the assumptions above, the representative agent’s goal is to maximize his expected utility subject to the
budget constraint by choosing the ratio of consumption to wealth, % and the proportions of investment, ngand
ng. Then the problem can be described as

maxEJ u (¢, Wp)e Btdt
0

s.t.
AW, = (ngWerg + ngW, (1 — 0)rg — (1 + 7.)c)dt + Wedw. (2.8)
ng+ng=1 (2.9)
Where Bis the time discount rate, u(c, W) is the utility function with consumption ¢, dw = ngdug + ng(1 —
) dug.

This chapter mainly establishes and solves a domestic production process based on geometric
Brownian motion.The optimal strategy of portfolio.First of all, according to the government’s income and
expenditure balance.In this way, the equilibrium market investment group is obtained question. Then, according
to the principle of dynamic programming,the problem of portfolio optimization is solved in the sense of
equilibrium market.The investment strategies of investors and a series of dynamic descriptions of the
equilibrium system of the market are obtained.

1. Optimal solutions to the stochastic optimal control problem

To solve the agent’s optimization problem above, we define the value function
VIiW (i), 8) = maxF, _||-|:lI ETIY W et
st (2.8),(2.9)

By the dynamic programming maximal principle, we can get the following Bellman equation
. J. . L
u(e, W)+ Vi(W.t) + (p— (1 + 7 ;.l‘—l_:.u'r” + 5ot W Vi _ 3.1)

where p = ngry + ng(1 — 7)1k, and it is the expected after-tax return on total property. Taking differentiation
of the Bellman equation with respect to ¢, ngand nyrespectively, then we have

Proposition 3.1.The first-order conditions for the optimization problem can be written as follows

WD) — (1 + 1)V, (3.2)
(rsVwW — n)dt + cov(dw, dug)VyywW? = 0, (3.3)
(1 = D1V W — n)dt + cov(dw, (1 — t)dug)Vyyw W? = 0, (3.4)
nB + TlK = 1, (3.5)

wherey is the Lagrangian multiplier with the portfolio selection constraint (2.9).
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Furthermore, with equation (2.7), we have

Proposition 3.2.The equilibrium system of the economy can be summarized as
i . . o
" la g) g WY

|t + ex(dy — dz) = delt + aldy — dz)

i,l'.'.l-::r',n-]

[

=1+ 7V
[i"”l'-” W — .'j']l'.'lf T r'ur‘-.rr.l'u,'.d.'.-,u,:‘.l'” |,|.'.|-1--E =)
(1 —ThrgVie W — g)dt + covldw, (1 — T':Ir.hrh-:l‘.-"u-” W2 =0

ng+nyg =1

Proposition 3.3.The normal fluctuation component of the stochastic return of bonds, dug, and the total wealth,
dw, are decided by the following formulas

dup = —[(1 — ng(l — 7 ))dy — dz
g

(3.6)
dw = a(dy — dz) 3.7)
Proof.According to the inter-temporal invariance of portfolio shares [17], we have
AW dK dlb
[y Tiy i1 (3.8)
i.e., all the real assets grow at a common stochastic rate. Combining with (2.7), (2.8), (3.6) and (3.8), we get
dw = npdug + ng(l '."Il}nr.i'll_,r = ey — i)
J. r
= —[rgdug + ang(dz — 7 dy)].
g
Noticing the fact ng + ny = 1, we will get
dup = :—'[””{rj_r; —dz) — ngldz — Trr.ll_r,r]]
g
= LH[ —ngldy — (1 —ngldz — npdz + ny rJfF_.',l]
i
K # 3
= —|(l —ng(l —7 )dy — dz]
g
This ends the Proof of Proposition 3.3. O

These two equations enable us to compute all the necessary covariances and variances in the full equilibrium
system.
With Proposition 3.3, we have
2 —ad (ot

T,

a
[ Foy g ap

cotdw, dug) = i1 il ) el rr'_]rj'.f,
i k )

con(dw, (1 — .—I\_Ir."uh-‘,l =a’(l - Tr}rr;':-:f.f.
Noticing equations (3.3) and (3.4), we can get

Proposition 3.4.The mean return on bonds is
WVaw - r a -
rg=al(l —71)— AL [7 o8 + o2

g Vi v ] (3.9)

and the stochastic growth rate of the economy is
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rapig + g — iang + e/ W ) o
O = =p—(14+T.)—=
ng " (310)
where p = ngrg + ng(1 — 7)1y
With Proposition 3.4, we now have our main theorem of this section
Theorem 3.5.The explicit solutions of the economic system are
o/ W
K = — -  rtar . W Vi r o a1
T — g} + (1 + 70ef/W ——1.”_'-*—-1-[.’ ol + a2 (3.11)
Proof.Notice the conditions
N 4+ ngy =1,
p=nprp+ngll —T)rg,
”3“.1.11'\'-' LI 5
p=all —-17) — —————— i e
rg =all ) - [ a, ozl
Combining Equations (3.9) and (3.10) to solve ng, we can easily get (3.11). O
Next we specify the utility function as in Bakshi and Chen [18]
A=
?.'-{r‘._. W= - 'H-—).
T (3.13)
wherey >0, and y > 1 when 4 > 0, and 4 <0 otherwise.
Under the form of the utility function in (3.13), we have
Proposition 3.6.The first-order optimal conditions are
1
¢ _ B+;050-y=-Dy+)-p(1-y-2) 5.1
w (r+10)(A-v-2)/(1-y) '
n —
(rg 5(1—y-/1)w1-v-/1)dt = (y + A)cov(dw, dug) (3.15)
—7) — n — )
(rgx(1—=1) 5(1—y—,1)w1-v-1)dt y+A)A —1)cov(dw, duy) (3.16)
and Equation (3.5). wherey is the Lagrangian multiplier with the portfolio selection constraint (2.9), and
p =ngrg +ng(1l— 1)y, (3.17)
w = ngdug + ng(1 —t")duy, (3.18)
05 =nkof +ni(1—1")%0% + 2ng + ng(1 — ") oy, (3.19)

With Proposition 3.3, (3.15) and (3.16), we have

Proposition 3.7.Under the form of the utility function in (3.14), the mean return on bonds and the stochastic
growth rate of the economy are

4 A

ng

» ¥ o ol
rg =l —7)— a’[r o, + 0oz

1 (3.20)
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rapig + g — iang + e/ W ) .
O = =p—(1+7T)

ng W (321)

Similar to Theorem 3.5, we have
Theorem 3.8.Under the form of the utility function in (3.14), the explicit solutions of the economic system
are

e i all —7) + 1(r + Nal((2r — o2 + a?)
W (+ml-r-X/0-7) (Y + 7)1 =) (3.22)
. /W
Tk = ol —g)+ (1 4+ )/ W — a?(y + A)[r'al + a2 (3.23)
=1 uj. (3.24)

whereny, and ngare the optimal proportions of investment under the utility function (3.13).

V. Approximation of strategy under general utility
As we discussed in the previous sections, for the equity premium puzzle with utility function u(c,W) =

=W A, the optimal strategy is to invest a constant proportion of wealth in the risk asset. It is in general
difficult to find the optimal strategy for a general utility, however, if the utility displays the behavior of a power
utility when the level of wealth is very high, then the following Merton strategy can still approximately achieve
the optimal value, irrespective of the initial wealth level, as long as the investment horizon is sufficient long, i.e.

t — oo.

Assume that the investor consumes at a fixed proportion of wealth if the investment horizon is
sufficient long, that is, limt_,m% =k, where 0 < k <1 is defined as (3.22). We therefore need to estimate the
difference between the optimal strategy under special utility function ngand the optimal strategy under general

utility function "y, that is

Gy e P Ik
a’k(r ol +oz)[—(v+ A) — %"-

*
Insc = nicl = 1wy
! )

4.1)

where AW) = [a(r — g) + (1 + Tk + "‘2”;% (t'a + oD)][a(r — g) + (1 + 1)k — a?(y + D (t'0F +

a2)] >0

It’s easy to deduce that if lim;_.|W Vi + (¥ + 1)V, | = 0, then we have lim,_, |ng — ng| = 0.

The next result is referred to Bian and Zheng [18]

Lemma 4.1.Let w eC*4(R, x R) be a solution to equation

chi .,
— — Wy, = D, x) = alr
g w(0,z) = olz)
Let (x) = e™¢(x), with constant & >0. Assume that y €C*(R), and
lim r_'f[_;-] = —1 | ,’I. i_,-.l - et =0
e TP K, r>0

for some constants K > 1 and q <1. Then we have, for x>0,

P ; . ; 1 :
[(e™ w(t, x)).| < K Lo(E), [le™ wlt, )| < K{|g| + ?]L,.[r
L T

WhereLy(t) = e®**t 4 e@*a*t Fyrthermore, we have

e \ o
. e uld, ) e . L

lim "_ — = 1, lim -
r—b—oo glo—glfaftgr T =X

.
w(t, *))ex

pla—glfat+gr _

4.2)

(4.3)

(4.49)

(4.5)
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where the convergence is uniform for t € [t,, t;] withany 0 < t, < t,.
Let w(t,x) = e~ @+FDy(t,e~*). Then w is a solution to (4.2) with the initial condition w(0,x) = ¢(x) =
e~ %v(e™), thus we have

Lemma 4.2.Assume that u eC*(R) and satisfies

Kel—y—ﬂ.’
K’

lim 222 = 1, yw' )] < |

y<1
4.
y- yZl( 6)

Then we have that fory > 1,
1

gVt )| = Ke™ L), [ Vi (b w)| = KL+ 1 — 5 — A + ——=e" " Lyl8)
[uVylt. )| = olt), [ Vit w)| = T olt) @7
Furthermore
Vot Vi (E, )
lim "‘—H’ =1, lim ¢ =—7—A
H— B ':’E'r.'l.ll =2 —hoc 4“r_|'_|' [+A1—=1 (48)

where the convergence is uniform for t € [t,, t;] withany 0 < t, < t;.
The next result shows the approximation of strategy under general utility.
Theorem 4.3.Assume that & = (121, i - — k gng

(W) ; el A
im S ey <4 BT sl
Woo W A I, W =1 (4.9)

holds, where C €R. Then we have, for W >0

i g (WL — g (4.10)

Proof.According to (4.7) and (4.8), we get
WVew (to, W)+ (v + A) Vi (t, W)

lim L]

W =0 W= A
“h:_u Wl o W A (o 4 MV (e, W) =10
For any fixed € > 0, there is§ = §(e) > 0, such that
[W W (to. W)+ (7 + AV (fo W) < eW T4 + 6¥VW € Ry (4.11)
Define
w(t, W) = £{WVpw(t. W) + (7 + NV (t, W) 4 (W71 48100 1) 4 gerelt-—to)

forv(t, W) € [to, t1] X Rywith any t; > t,. Then w satisfies the following equation and boundary conditions

ow

4~ OZW Wiy + (@ + GZW)wyy + dw = e, (6, W) € (to,t1) X R,
w(t, W) >0, W ER,, (4.12)
liminfyy_ow(t, W) > 0, liminfy,_,w(t,W) >0, t € [ty t{].

By the maximum principle, we conclude that w(t,W) >0 for all (t,y) € [to,t1] X R., which implies

WV (&, W) + (v + DV (t, W)| < e(WY 2800 4 1) 4 e TV~ D(Et0) (4.13)
Lett - oand + :0,we have
Lim [W Vi (t, W) + (¥ + DV (8, W) = 0 (4.14)
By (4.1), we can arrive equation (4.10). This ends the Proof of Theorem 4.3. O

Example 4.4.Define
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1
(e, W) = —L[H' )yt Wt

A simple calculus gives that the utility functions above satisfies the conditions of Theorem 4.3 with y =3 and 1 =
2, and (4.10) holds under this utility function.

On the basis of the optimal investment strategy in the equilibrium market obtained in the previous
chapter, this chapter proves that under a kind of general utility function which is connected with the original
power utility function, we can also get the investment strategy similar to the original portfolio optimization
problem. In other words, under this kind of generalized utility function, the optimal strategy is to invest the fixed
proportion of wealth in risk assets and risk-free assets respectively. On the premise of these assumptions, we use
the optimal investment strategy to estimate the expected rate of return of bonds and equity in the market,
describe the risk-free rate of return, and calculate the level of equity premium by changing the energy, so that we
can connect the approximation of the optimal strategy with the approximation of equity premium in the
following, which can explain the mystery of equity premium under the general utility function.

V. The explaination of the equity premium puzzle

We will explain the equity premium puzzle in this section. With the investor’s optimal strategy, we can
calculate the equity premium that the investor accepts. For simplicity, we set consumption tax,z., to zero. With
the optimal strategy that we got in the previous sections, the return rate on the market portfolio Q = ngW+
nkWcan be represented as

MWV o o .

ro=raptg +r(l—1Tng =all — 1) — & T ol 4 ar]

’ Vi o '
Then we have

Propositin 5.1.The equilibrium asset-pricing relationships are

n n
B vy~ Pee T ) &)
_ __" _p_ __n_
A -tk e B —K(rg e (5.2)
where
cor | duw, du g ) (Il —mngil—7 I}“T:I _Uf
'_I'” = ) = ) —y
i) ntplo; +oz)
covidw, dug) (1 - "I]'Ti
Hx = Ty~ 3 ;
trarldw ) o+ Tz

Proof.From Proposition 3.1.and equation (3.11),we have

2
n a“WVyw ,
W_VW= a(l—r)+T(1—1)a§
Since
wV,
rg =Tgng +1rg(1—ng =a(l—1) — TWW [t'0p + 07]
we get
2
n a“WVyw
To — v =— » [of + 07]

and using Proposition 3.1. ,we can come to the conclusion.

Again, _'rv;j'.. can be regarded as the risk-free return.The equation (5.1) and (5.2) shows that the returns
on government bonds and capital are given by the familiar consumption-based capital asset pricing model with
reas the return on the market portfolio.

O
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From the conclusions in Section 4, we know that as long as the investment horizon is sufficient long,
the equations in Propositin 5.1. can converge to:

Corollary 5.2.

g — . = Ba(ro — 2 )(5.3)

B s(-y-pwi-v-2 T FBVQ sy pywi-v-a

n _ _ n

(A= 0m ~ sygmrr = B (o = ey rrn) (69
where
0 cov(dw,dug) (1 —ng(l -'.]'IfF::j to?
e = e - .lr.rrlfrr;-: ford)

cov(dw, dug) (] '-I:'I'J:'.:

L || —_— r —_ r
t var|dw) o2+ o3

We define 7z and ras the return rate on the government bond and the capital stock respectively in the
absence of the spirit of capitalism, i.e. 2 = 0. Like Gong and Zou [13],we can get

Propositin 5.3.1f the investment horizon is sufficient long , and A >0, then we have

U] - 1
" p = —— =R = ——
Bs( =y = awi—=x 7 s W
p . I _ g " ]
k(1= 7) = = _ S T Iy [ —
S Ay WA TR T S

Propositin 5.3 indicates that the existence of the spirit of capitalism makes the gap between the risky assets
and risk-free assets enlarged in the long term, and this explains the equity premium puzzle in Mehra and
Prescott [1] partially.

Remark 5.4.Considering the difference caused by the spirit of capitalism in original papers(rg —

"
1 [F — —L—1]).we can get the same difference whenu(c, W) = “— W2, Since we

s—y-nwiv-1_ U'B ™ sq_ywiv 1-y
study the problem under a wider range of utility functions, our result is obviously better than the original.

Example 5.5.Next, we will use our model to estimate the premium in Chinese market. From Proposition
-
3.1. and equation (3.11), we know that under the utility function u(c, W) = %W"l, the premiums of the
capital stock and the government bond are calculated as follows:

) o N o d o
. =a (v + Al —7 )7
By —awi—x @Al =Ty (5.5)

(L—7lrg —

T (v + A} ¢ y 2
g — ¢ ll = - .'-l —ngll—7 :I:If'rl-f +0o;

§(1— 5 — AJWi—-A ng ] (5.6)

Now we choose A-share data in Chinese market directly from Shanghai Stock Exchange as the research object.
Substituting Chinese market data into formula (5.5),(5.6) and choosing y = 3 ,4 = 0, we then estimate the
investor’s acceptable premiums of bonds and A-share in Chinese market as table 1.

year 2011 2012 2013 2014 2015 2016 2017 2018
bonds 3.70% | 5.57% | 5.14% | 4.02% | 2.72% | 2.88% | 2.43% | 4.39%

A-shares 4.22% | 6.63% | 5.85% | 5.10% | 3.53% | 3.68% | 3.01% | 4.78%
tablel :Investors’ acceptable equity premium in the past eight years when A =0

Similarly, if we select y = 3 A= 1, we have that the investor’s acceptable premiums of bonds and A-share in
Chinese market are shown in the following table 2.

year | 2011 | 2012 | 2013 | 2014 | 2015 | 2016 | 2017 | 2018 |
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bonds 3.80% | 5.66% | 5.53% | 4.26% | 2.89% | 3.21% | 2.79% | 4.98%

A-shares 4.52% | 6.83% | 5.99% | 5.31% | 3.83% | 3.91% | 3.31% | 5.57%
table2 :Investors’ acceptable equity premium in the past eight years when 1 =1

This calculation result shows that the spirit of capitalism makes the gap between the risky assets and
risk-free assets enlarged, which therefore confirms Propositin 5.3.

VI. Conclusion

In this paper, similar to the work by Gong and Zou [13], we study the equity premium puzzle based on
the domestic output process. We further study the approximation of the optimal strategy. We proved that the
optimal strategy under general utility functions satisfying certain conditions approximate the strategy under the
original special utility function. Then we explained the equity premium puzzle.
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