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Abstract:In this paper, we focus on a financial market with one riskless and one risky asset, and consider the
asset allocation problem in the form of semi-variable transaction costs. One of the basic ideas of this paper is to
transform the problem of maximizing the expected utility of terminal wealth in a friction market with semi-
variable transaction costs into a frictionless market which can produce the same maximum utility, and then give
the analytical formula for the original problem. Generally, the price process of risky assets in such frictionless
market is called "shadow price", and the corresponding problem after conversion is called "shadow problem".
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I Introduction
In the field of financial mathematics, asset allocation is a very hot and difficult problem. Generally speaking,
investors invest their money in different types of assets in financial market in order to maximize the expected
utility of their wealth at some point in the future. This kind of problem is usually regarded as the utility
maximization problem with constraints.

A complete financial market is a kind of very ideal investment environment, where any assets in this
market can be bought and sold without transaction costs. In a complete financial market, no arbitrage is
equivalent to the existence of a unique equivalent martingale measure Q, such that the security price under this
measure is a martingale, and this property can be used to price a contingent claim. At the same time, all assets
can be replicated with the underlying assets. However, the assumption of the complete financial market is not
consistent with the real investment environment faced by investors. Therefore, it is of more practical
significance to consider the optimization of the portfolio in the case of incomplete market.

Investment in incomplete market is faced with transaction costs. Specifically, investors buy and sell assets
in different prices. The ask price is higher, while the bid price is lower because of transaction costs. Due to the
existence of transaction costs, investors have to balance between transaction profits and payments.

The research on incomplete financial market still started from the research on complete market. By
applying convex analysis and martingale properties, Pliska[1] solved the problem of maximizing the expected
utility of wealth at a terminal planning horizon by selecting portfolio of securities. Karatzas et al.[2] studied that
when the number of stocks is less than the dimension of multi-dimensional Brownian motion, the incomplete
market can be transformed into a complete market by introducing "virtual” stocks, and they proved that the
optimal portfolio obtained in this method is consistent with that in the original incomplete market. Kramkov and
Schachermayer[3] studied the problem of maximizing the expected utility of terminal wealth in the framework
of a general incomplete semi-martingale model of a financial market. They showed that the necessary and
sufficient condition on a utility function for the validity of the theory to hold true is that asymptotic elasticity of
the utility function should be strictly less than 1.

Liu and Loewenstein[4] studied the optimal trading strategy for a CRRA investor who wants to maximize
the expected utility of wealth on a finite date when facing transaction costs. They showed that even small
transaction costs can have large impact on the optimal portfolio. Hence, an interesting question is that if this
impact can be replaced in a frictionless market which yields the same optimal strategy and utility. If so, this
frictionless market is called “shadow market”. The concept of such shadow market was first proposed by
Cvitani¢ and Karatzas[5]. In their pioneering work, they found that if a dual problem was solved by a suitable
solution, then the optimal portfolio is the one that hedges the inverse of marginal utility evaluated at the shadow
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price density solving the corresponding dual problem. Later, Kallsen and Muhle-Karbe[6] found that shadow
price always exists in finite space. Benedettiet al.[7] showed that if short selling is not allowed in the financial
market, then shadow price can always exist. As for cadlag security price process S, Czichowsky and
Schachermayer[8] proved that shadow price can be defined by means of a “sandwiched” process which consists
of a predictable and an optional strong super-martingale. This conclusion was then extended by Bayraktar and
Yu[9] to a similar problem with random endowment.

Instead of constructing the shadow price from dual problem, Loewenstein[10] assumed that short sales
was not allowed and investor faced transactions costs, then he proved that shadow price can be constructed from
the derivatives of dynamic primal value functions. This result was then extended by Benedetti and Campi[7] to a
similar problem with Kabanov’s muti-currency model.

In addition, shadow price plays an important role in optimization. Under the geometric Brownian motion
model, the optimal investment and consumption problem with logarithmic utility function is studied by Kallsen
and Muhle-Karbe[11] using the results of stochastic control theory, then shadow price was constructed by
solving the free boundary problem. Some researchers have also studied in the form of logarithmic utility
function[12] and power utility function[13].

In view of establishing and solving the utility maximization model simply, most of researches on shadow
market focus on the assumption that there are only proportional transaction costs for the trade of risky assets in
financial market. Most of the changes in the research only focus on the form of utility function, the form of the
price process for risky assets, and the description for the financial market. Although the hypothesis of
proportional transaction costs can be used to prove the existence of the solution to the utility maximization
problem and to establish the duality problem simply, there is obviously a big difference between the hypothesis
and the trading market in our real life. Therefore, it is of great significance to extend the proportional transaction
costs to match our real market.

The remainder of this article goes as follows. In Section 2 we formulate the utility maximization problem
with semi-variable cost and prove the existence of its solution. In Section 3 we first present that shadow price
can be constructed under semi-variable cost, then give the recurrence formula of the optimal strategy under the
friction market. Section 4 is a case analysis in order to prove our conclusion.

1. Utility maximization problem with semi-variable cost
This section is to consider the problem of securities investment with semi variable cost. By using the basic

theory of stochastic process, especially the properties and conclusions of martingale method, we prove that there
is a unique optimal trading strategy for the problem of maximizing the expected utility of terminal wealth in this
friction market through the estimation of total variation of self financing trading strategy.
2.1 Construction of the wealth expected utility maximization model

For the sake of simplicity, we consider a market only consisting of a riskless asset and a risky asset. The
riskless asset has a constant price 1, and the trade of risky asset needs transaction costs. For example, an investor
needs to pay a higher ask price S when buying, but only receives a lower bid price [(1 — A)S — C] when selling.
Here A € (0,1) is proportional transaction cost rate, and C is a constant on behalf of the commission every time
the investor trade assets in market.
Assumption 2.1.1 The price of risky asset S = (Sp)o<t<r IS pOsitive and Right Continuous with Left Limits, and
is adapted to probability space(Q, F, (Fo)o<t<t, IP). Moreover,F,_ = F.andSy_ = Sr.
Remark 2.1.2 Throughout this paper, we assume that the price of risky asset S cannot jump at terminal time T,
thus we have F._ = FandSy_ = St, which means that the investor can also liquidate his position in risky assets
at terminal time T.
Definition 2.1.3 Trading strategy with semi-variable cost is an R%valued, predictable, finite variation
processg = (@2, t)o<t<t, Where ¢? describes the holdings in the riskless asset and ¢f describes the holdings
in the risky asset.

During the whole paper, there is no additional capital in the process of investment except for initial
investment, and no capital is moved out of the market. Thus the following definition of self-financing trading
strategy can be well-defined:
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Definition 2.1.4 A finite variation process trading strategy @ = (@, )o<terfor all 0 < s <t < T is called
self-financing trading strategy which satisfies
t t t t
f doy* = f [(1 =S, — cldoy ™ > f doy~ = f Sudey™, (D
S S S

S
wheredX*and de*denote the holding of increase and decrease in riskless asset by investors, while de%~and
deL~ denote the holding of increase and decrease in risky asset.
In addition, we assume that every time the investor in this market cannot short any position, then we
consider a utility maximization problem in this constraint.
Assumption 2.1.5 Suppose that the investor’s preferences are modeled by a standard utility functionU : R, —
R, which also satisfy the Inada conditions

u'(0) = lin(}U’(x) = oand U'(c0) = lim U'(x) = 0. (2)
X— X—00
Assumption 2.1.6 The utility functionU satisfies the Reasonable Asymptotic Elasticity, i.e.
xU’(x)

<1 (3)

AE(U) := )11_{2 supi(x) = )11_)1'{)10 sup 06

Remark 2.1.7 For the utility function U, AE(U) < 1 is a necessary and sufficient condition for the existence of
the optimal trading strategy in the problem (4). In practical sense, the elastic function 7 (x) represents the ratio
of marginal utility U’ (x) to average utility U(x) / x.
Then the problem faced by an investor is to find an optimal trading strategy® = (@¢, 1) to maximize the
expected utility of terminal wealth
max E[U(@3 + @}[(1 = M)Sp — D], ¢ € AX) (4)
where A (x) denotes the set of all self-financing trading strategies starting from initial endowment (@9, @3) =
(x,0).
If we define
g= o7+ @rl(1 =M)Sy — ],
then we can rewrite (4) as
max E[U(g)], g€ CXx) (5)
where
CX) = {@7 + ¢1[(1 = 1)St — c]lp € A} € L5.(P) (6)
denotes the set of terminal wealth at time T after the investor liquidates his position in risky assets to riskless
assets.
So the primal problem for the investor is to maximize the expected utility of terminal wealth in the sense
of semi-variable transaction costs
u(x) :=supE[U(g)] ge CX). 7
2.2Existence and uniqueness of solutions for the primal problem
This subsection aims to prove the existence and uniqueness of solution for the problem (7) .
First of all, we give the definition and property of option strong super-martingale in the sense of semi-
variable transaction costs:
Definition 2.2.1 An option process X = (Xy)o<t<r IS Called an option strong super-martingale, if for all stopping
time 0 < o < t < T it satisfies
E[X. | ] <X, (8)
in which we suppose that X, is integrable.
According to Doob-Meyer decomposition, an option process X is called an option strong super-martingale
if and only if it can be decomposed into
X=M-—A, 9
where M is a local martingale as well as a super-martingale and A is an increasing predictable process.
Lemma 2.2.2 Assume that ¢ = (¢°, 1) satisfied self-financing trading strategies in the sense of semi-variable
costs. Fix risky asset process S as above, suppose that there is a price process S, which satisfies S, €
[(1 =S, — C,S,], and there exists a probability measure Q such that S, is a martingale under Q. Then for all
stopping time0 < o < t < T the process




Optimal investment strategy based on semi-variable transaction costs

V() == ¢ + ¢ S, (10)
is an option strong super-martingale under Q.
Proof: As what we have discussed, we should proof that V(¢) can be decomposed as in (9) .
According to the definition, we have
dV(e) = (de? + S:de}) + ¢idS, (1
S0 that
t t
Vip) = f (def + S, depl) +J. @LdS,. (12
0 0
We may use self-financial trading strategies
{dcp?'+ = [(1 =S¢ — Cldey~
do;” = Sy
for the first term of (12) so that there exists de{ + S,def = —(A + C)de,"~, which is a decrease process. And
for the second term of (12) , it defines a martingale under Q measure as S is so. Hence (12) is an optional
strong super-martingale. Ul
In Definition 2.1.3, we assume that trading strategies ¢ = (@?, @i)o<t<r have finite variation. Our next
lemma 2.2.3 proves that this assumption goes true.
Lemma 2.2.3 Assume that ¢ = (¢°, ¢1) satisfied self-financing trading strategies in the sense of semi-variable
costs. Fix risky asset process S as above, suppose that there is a price process S, which satisfies S, €
[(1 —A)S, — C,S,], and there exists a probability measure Q such that S, is a martingale under Q. Then the total
variation of ¢ remains bounded in L°(Q, F, P).
Proof: We can rewrite @° = %" — % and ¢! = @* — @¥~ as the sum of two increasing functions,
respectively. FixA" < 1 < 1, we define a new process ¢* by

@ = (@D (")) = (90? +

) St 0+ 1+
(1_)\.)St_c(pt ’(\Ot .

Obviously, @* is also a self-financing process under transaction costs(A'S; + C), and (?;;)Stc <pf'+ is the
NS
amount that the investor can get more under transaction costs(A’S; + C) than in(AS, + C).
By Lemma 2.2.2 we can find that
s (- A')gt 0,+ 1,+&
(((PO)*,((Pl)*St) <t<T — <‘P? T P TS
ost=T (1=M5~-¢C 0<t<T
is an optional strong super-martingale. Hence at terminal time T we have
- A —2A)S;
Eq[@% + @351 + Eqg |———— 0% | < x, (13)
Q[(pT P T] Q[(l_)\)ST_C@T X
in which
A-S:  ,.] @a-=-21) 1 04
—, | = 1+ CEg [———=——0o7 (14)
U1 -3, —c ™ 1-A U3, —cT

Because the investor liquidate his position in risky assets at terminal time T, then we have in (13) that
@ =10.S0 (13) can be rewritten as
A=2)Sr o,
- a— 4 < X,
Ua—n5,—c?r
hence we have

A=A
[ 1 1 x- aA-Dx—-A-21)
Eo|[———— 2| < 1= =A. 15
QU1 -5, —c?T | = ac A—1)C (15)
1-A
On the other hand, (15) can be rewritten as
[ 1 1
Ey|l—— 2| =Ey|————|E 0'++0'0', (16)
A -0, - | Q[(l—x)sT—C] aler] +powc,




Optimal investment strategy based on semi-variable transaction costs

- 1 0,+ - ~ _ ~ _
wherea,and o, denote the variance of ;—-——and ¢, respectively. If we denote Eq[St] = pand Var[S;] =

o2, then by Taylor series expansion at IEQ[ST], we have
1 2(1-2)? o2

1
Fo [(1 — ;- C] T A=NE[S]-C [(1-NE[5e] -] 2

For (15) and the properties ofpwe have

1 0,+
A—Eq[—2—]Eo[0%*]
Q |G os—cl Hal®Pr
_1 S p S [(1 }\)ST C] :
010,
wherep denotes the correlation coefficient. Therefore

A+ o040
Eolot'] < ————
Eq [(1—A)§T—C]
Note that @3 = @y — @Y™ > 0, we just have Eq[@y "] < Eq[@y*]. Then

A+ o040
Eo[o¥* + 03] <2———2 ==K (17

Bo [5me=e)
Finally if we use Chebyshev's inequality, we can easily get that
Ploy" + @y~ = 8K]| < e.
As for the total variation of ¢%, from the self-financial strategies we have

400
doit =—2t (18)
St
By the assumption that S is strictly positive, we can control <p%+ by (18) and estimate (pf}" by (17) . Finally
we can control @1~ just using 1" — @1~ = @t — @}. O

Our next lemma proves the set of trading strategies is closed.
Lemma 2.2.4 Under Assumption 2.1.1, the set C(x) is closed in LS.
Proof: As what has been showed in Lemma2.2.3and the fact that investor cannot short any position at any time
in this financial market, @%and 3 are bounded in LS.

Let {cp%“}::l be a nonnegative sequence in C(x) converging to some nonnegative @3 € LY. We have to

0,n 0,

show @2 € €(x). We can find self-financing strategiese™ = ((pt , @t which start at @f = (x,0) and

n)ostsT’

end with @} = ((p%“, 0) at terminal time T. Then these processes can be decomposed into (pf}'“ = (pf}'"'* -

@Y™, Just as what we have showed in Lemma 2.2.3, (@3™")"_ and (@¥™7)"_as well as their convex
combinations are bounded in LY. By Lemma Al.1a in [14] we can find convex combinations converging a.s. to
elements @Y *and @~ . Therefore we have
0= 91" — @7 €C(X).
In addition, for each rational time t € [0,T), assume that (@¢™")" , (™), (¢t™*)"_ and

—\ ~ 0= ~ 1 — R )
((p%’“' )n_lconverge to some elements @2+, G, @+ and $ . By passing to a diagonal subsequence, we can

suppose that this convergence holds true for all rational time t € [0,T), and the four limit processes are
increasing and bounded in LS.

So if we define the process (@f, @1)o<t<ras (@ — @p ™, o — @p7) it is easy to see that this is

0<t<T’
predictable, nonnegative and satisfies the self-financing conditions because the processes (@™)p-, is
convergence for all t € [0, T]. O

Finally we give a proof of existence and uniqueness of solutions for the primal problem.
Theorem 2.2.5 Assume that the utility function satisfies Assumption 2.1.5, the price process of risky asset
satisfies Assumption 2.1.1. Moreover, we assume

u(x) < oo,

then the solution of utility maximization problem (7) g € C(x)exists and uniqueness.
Proof: The uniqueness of the solution is given by contradiction.
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If there are two solutions for the utility maximization problem, suppose they are f and g which belong to
C(x). So for every a € [0,1], [af + (1 — c)g], which is the convex combination of fand g, should belong to
C(x). However, since utility function U is concave, we have
E[U(af + (1 — 0)8)] > aE[U(T)] + (1 — )E[U(B)]
= oE[U(F)] + E[U®)] - «E[U(®)] = E[U®)],
which is contradiction to the optimality of E[U(8)].
Next we prove the existence of the solution to the utility maximization problem.
First of all, since u(x) < oo, we can find a maximizing sequence {g,}nen S C(x), in other words,
u() = lim E[U(gn)].
If we pass to a sequence of convex combinations g, := conv(gy, 8n+1) En4z -+ - ), by Lemma Al.lain [14] and
Lemma 2.2.4, we can suppose that g, converges to g € C(x).
So we can also prove that g is the solution to (7) by contradiction. If not, there exists a € (0, o] such
that
8 =u®) —E[U(®)] > 0.
Assume that A and A, are two disjoint sets. By Lemma 3.16 in [15], there exists
(1) U(g,) =< tinA,and U(g,) = e tinApy;
(2) E[U(gla, ] > 6 —eand E[U(gy)la, | > 6 — &
(3) E[U(gn)la\a,uam] > E[U@] — € and E[U(gm)laya,ua,)] > E[UE)] —
Then we have

+ + +
]E[U (gn ng)] _ IE[U (gn zgm)H(AnUAm)] N ]E[U (gn gm)ﬂg\(AnUAm)]_

On the other hand, from Assumption 2.1.6 there exists y > 1that U (E) > %U(x). Then
En T8
E [U( n m)u(AnUAm)] > YE[U(g, + gu)liauay] = V(5 — ©). (19)
In addition, since U is concave, then

+8m 1
E [U( )“n\(AnUAm>] = 2 {E[UGgn)lov@nuam] + E[U(@m)lavanuam ]}
> E[U®)] - . (20)

From (19) and (20) we have

+ 8m ~
[E[U( )] > E[U@)] + 8+ [6(y — 1) — e(y — D).
Since € can be arbitrarily small, we can assume [8(y — 1) — e(y — 1)] is positive. But g, is a maximizing
sequence and u(x) = E[U(g)] + & is supremum, so it appears a contradiction, which means we have proved g is
the solutionto (7) . Ol

1. Utility maximization problem in shadow market
In this section, we first introduce the notion and then establish the shadow market which can produce the same

maximum utility with the market in semi-variable cost. From the property of the shadow market and the friction
market, we finally give the analytical formula for the original problem with semi-variable cost.
3.1 Modeling of shadow problem
In the market with transaction cost, consistent price system plays an important role. In order to establish

the shadow problem and to solve the utility maximization problem with semi-variable cost, we first give the
definition of consistent price systems as follows:
Definition 3.1.1 Assume that the price process of risky asset satisfies Assumption 2.1.1. Under semi-variable
cost, a pair (S,Q) is called a consistent price system if it satisfies

(1) S takes value in the bid and ask spread [(1 — A)S, — C, S,];

(2) Sis amartingale under Qmeasure.
In addition, S can be also written as the ratio of two super-martingales. In other words, for all t € [0, T],
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Z

z
and the set of all consistent price systems is denoted by Z,.
Assumption 3.1.2 Under transaction costs (A'S; + C) in trading one risky asset, for some 0 < A" < A, we have
Zy * 8.
Next we consider constructing a market with one zero interest rate bond and an risky asset whose price
process is S:
Definition 3.1.3 An R?-valued, predictable, finite variation processp = ($2, $1)o<t<r is called a self-financing

trading strategy in frictionless market, if forall 0 < t < T, @} is integrable under S and
t

B+ @S = x+ [ B,
0

We also assume in frictionless market that no assets can be shorted, so the shadow problem is established
by all acceptable strategies defined as follows:
Definition 3.1.4 Aprocess®is called acceptable,if for all 0 < t < T, we have

@Y = 0and i = 0.
Therefore, the shadow problem can be written as
max E[U(8)],8 € C(x) 22)

S: €[(1-2S.—CS,], a.s., QD

where
C() = {83 = (@1, 91) € A} S L% (P)
denotes the terminal wealth for the investor in frictionless market at time T, and § = @% + @+St. In addition,
A(x) denotes the set of all acceptable strategies starting from initial wealth (@9, $3) = (x,0).
Lemma 3.1.5 AssumeZ,+ # ¢. Then for all 0 < t < T we have
BY + PiSc = ! + 9t Ses (23)
Proof: For every (¢°, ¢') € A(x), using the integration by parts formula we have

t t t t
S j dgl + ] O1dS, + ] Sudgl < x+ j LS,
0 0 0 0

if we define
t
P = @8+f0<pﬁd3u—<p%5t. (24)
Pt == o1,
then
~ t ~ ~
PY + S =x +J e4dS, = @f + @fS,,
0
which means Lemma 3.1.5 has been proved. [
Note that for every Z € Z,, we have C(x) € €(x). Thus if we define
i(x) := supE [U(®)]g € C(x), (25)
and compare with Lemma 3.1.5, then
u(x) < u(x), (26)

which means that transactions in frictionless market are always better than that in friction market. Hence we
consider a proper price process S which can let inequality in (26) becomes equality. If so, the process is called
shadow price.

2

Definition 3.1.6 Assume that consistent price system exists. Fixed the initial wealth x, the price process S :=
is called shadow price, if there exists

0

N)

sup E[U(g)] = sup E[U®)], Q7D
geC(x) geC(x)

Next we shall first prove that shadow price exists and then construct it under semi-variable transaction
costs.
Let V denotes the convex conjugate function of U defined by
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V(y) = ililg{U(X) —xy},y >0,
then V is strictly decreasing, convex and continuously differentiable and satisfies
V'(0) = —o0, V'(0) =0, V(0) =0, V(o) =0,
By definition,
V(Z) := sup{U(®) — Z7g}.
x>0

For every § € €(x) under consistent price system,

E[U®] < E[V(ZD] + E[(Z38)]. (28)
By Lemma 4.1 in [7], Z is a super-martingale process, thus we have
E[Z28] < Z9x, (29)

So if there exists shadow price, then Lemma 4.1.10 should exist first:
Lemma 3.1.7 Let Assumption 2.1.1, 2.1.5, 2.1.6 and 3.1.2 hold. Then there exists Z € Z, such that
(1) Z3 =U"(®);
(2) E[298] = 29x.
Proof: For each 0 < o < 1, we have u(ax) = E[U(ag)]. Note that u is concave, so
Z3(x — ax) < u(®) — u(ax) < E[U@)] - E[U(aB)]-
Then by the property of utility function U, we have
Z9x < E[U'(®)8] < E[Z%8]. (30
Compared (29) with (30) we prove Lemma 3.1.7. O
Theorem 3.1.8 The consistent price system which satisfies Lemma 3.1.7 defines the shadow price S.
Proof: By Lemma 3.1.5 and Lemma 3.1.7 we have
i(x) > u(x) = E[U®)] = E[V(Z) + 298] = E[V(ZD)] + Z3x. 3D
By (29) we also have
E[V(Z?)] + Z8x = E[U(®)] = i(x). (32)
Compared (31) with (32) we complete the proof of Theorem 3.1.8. O
Remark 3.1.9 As has been proved above, if shadow price indeed exists, then the optimal strategy @ for the
utility maximization problem in frictionless market is also the optimal strategy for the problem in friction
market. Hence shadow price S is the least favorable price in frictionless market. Thus the optimal strategy @ in
friction market only trades when S is at bid or ask price, in other words,
{d@! > 0} = {8, = SiJand {d@t < 0} ={S, = (1 = VS, — C}.
3.2The expression of shadow price
This subsection gives the expression of shadow price. First we give the definition of Z = (ZS,Z%)OSET, then
because the shadow price should satisfy the consistent price system, we finally prove this conclusion.
Firstly, we give the following dynamic programming principle similar to Section 7 in [10].
Definition 3.2.1 For every self-financing trading strategy ¢ = (¢°, ¢*), define its value function as

J(@y) :=esssup E[U(g) | F, (33)
gEAL

whereA, is the set of all self-financing trading strategies under semi-variable cost and no short selling constraint
for each asset in t € [0, t].
Lemma 3.2.2 For every optimal strategy ®in 0 < s <t < T, the value function is a martingale, i.e.
1@ = E[J@0 | F].
Proposition 3.2.3 Define

a0 v J@2+ €00 - (@, 91)
Z; = 11113 < )

o~ 0 ~ (34)
\Ze = lim € ’

on0<t<T,and
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ZO = U/ ~ ,
{j (@) (35)
Z7 :=U'"(@p[(1 -1Sr —C].
at terminal time T.
Thenforall 0 <t < T, Z is Right Continuous with Left Limits and is a martingale. In addition, Z satisfies
21
[(1—21)S, —C] sz—gsst,a.s. (36)
t
which means Zt/Z? is the shadow price under semi-variable cost.
Proof: Firstly, assume that €; > €, > 0. By Definition 3.2.1 and the property of U as a concave function, we

have
& o €2\ ~o A1 €2 0 ~1 & ~0 ~1
I([— (@r +&) + (1 ——)] @t.cpt) > (@ + e, 0F) + (1 ——)I(cpt,cpt),
& €1 & &
which can be also written as
J(@P + &2, 80) — (@, ) - J(@? + &1, 91) — J(@7, §1)
€2 B & .
Since Z? is the limit of an increasing sequence, it is well-defined, and so on with Z{.
Next, since the set of trading strategies A, in (33) is directed upwards, then (33) can be rewritten by
)@+ ee)) = ess sup E[U(g) | F] = lim E[U(g™ | 7],
gEAL

where (g™) =0 IS the increasing sequences incﬂf’, and for simplicity
5i (@ +ge) — J(D0)
Zi :=lim .

£-0 £
Then, we may prove that Z is super-martingale. Clearly A € A forall 0 <s <t <T,so
J(@s + €€;) = ess sup E[U(g) | %] = ess sup E[U(g) | F| = E[U(g™ | %].

gecﬂ;p gecﬂ;p

By the monotone convergence theorem,

J(@s +ee) 2 lim E[E[U(g") | 7] | %] = E[J@. +¢e) | F].
Hence by definition of Zi(i = 0,1), for 0 < t < T we have
O + €e;) — (@
J(@¢ 81) @) |TS]=E[

i=0,1,te[0,T]

- O +¢ce) — (@
7 > limE hml((pt i) (qot)l
£-0 £-0 €

?] = E[Zi | 7]

And we still have to verify that Z is also super-martingale when t = T.
By the monotone convergence theorem again, we have

. P + & d1) — (@Y, ¢ U@ + ) — U@
70 i liml(qJS ®s) — (@3, ®s) > hm]E[ (@1 +28) —U@7) | TS]

£-0 € €0 €

= E[U'@D | %] = E[Z} | %]

Zs :=lim

£-0 €

U@+ €[(1 = V)S; — C]) — U(p°
Zlir%IE (@7 [( )sT D @ |:st|
fobed

= E[U'@DI(1 - NSy — €] | 7] = E[Z; | %]
As for Z9, because of u(x) < oo, we have
2o 1. J@0+e95) —J(@0,8) . ulx+e)—u®X
Zg = lim =lim—— <
£-0 € £-0 €
Hence Z is super-martingale.
Finally, we show that the ratio of Z /Z? is bounded between bid and ask price.
By definition of Z, this conclusion is obviously at terminal time T.
For all t € [0,T), let (p2)ms=o be a partition of[0, ). For each € > 0, on every set A, :=pl < S; <
ph+1 We have

€ €
@ +ead =) (atat + )2 (abat + =)

t m+1
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Therefore
~0 ~1 £ _ A0 1
]((\OE +€’ (p%) _]((p?'(p%) S ]((\Ot!(\ot +pr&1+1) ]((\Oti (Pt)
> = .
€ Plr}q+1 X p&+1
By the monotone convergence theorem,
s, =17, ,
m+1
and thus
_ 1 .
Z Iy, 70 > Z Iy, —ZL.
m=0 m=0 pm+1
When n - oo we have
yAs

50 <S» 0<t<T.
t
On the other hand, on every set A, := pny, < S; < ph.+1 again we have

Following the same steps we finally get

21
Z—gz (1-2S,—C, 0<t<T.
t
Last but not least, if we define

Lot (37
2i:=17k, t=T,
then by Proposition 1.3.14(i) in [17] we know that Z{ /Z? is a super-martingale and Right Continuous with Left
Limits process, which is bounded between bid and ask price. Hence it defines the shadow price under semi-
variable transaction cost. O
3.3The optimal strategy for the friction problem
Assume that in frictionless market, the price process of risky asset satisfies Geometric Brownian motion, i.e.
dS; = rS.dt + oS, dW;,
wherer denotes the instantaneous expected rate of return of risky asset, ¢ denotes the instantaneous volatility,
and W; denotes the standard Brownian motion.
Let 1, denotes the proportion of risky asset in total assets at any time t, i.e.
__a@is
i P7 + S
whereS; denotes the price of risky asset in frictionless market. Then by Lemma 3.1 in [18] the optimal
proportion of risk asset in total assets should be

{Zi:zlim@, 0<t<T;

™, (38)

r
= (39
By (38) and (39) we have
Pl=— " 0 (40)
(62 —1)S;
Because the risky asset in frictionless market only trades when S, = (1 — A)S, — C, so we have

Pl = ! 0 4D
f (@ -l -ns. -]

Finally by (24) we get

A1 _ r _ ft,\l
Or: [ =05, = (] <x +(1-2) | (pudSu), (42)

which is the analytical formula for the original problem under semi-variable cost.
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V. Case analysis
This section gives an example in order to verify the rationality and effectiveness of our conclusion about shadow
price under semi-variable cost.
Assume that there are only one riskless asset and one risky asset in the market. The riskless asset is zero
interest rate and the price of risky asset is given as follows:

t
exp(Wt+—>, <t<

2 (43)

S, =
St/2 > )
where(W,)0i$ a Brownian motion on a filtered probability space(Q, F, (Fy)o<t<t> P).
Fix proportional transaction cost rate A € (0,1) and the constant transaction cost C, assume the initial
wealth of the investor is x = 1, which belongs to the riskless asset at t = 0.
In addition, from the definition of shadow price, for every t € [0, T], we have

So, t= 0;

W t 2In(1 -t t c 0<t T

=P\ Mt T T/2” <7 (44)
[ T
(1 =Sz —C, SSt<T
By (44) , we have optimal strategy under semi-variable cost
((1,0), t=0;

(@0‘ @1) — 0,1, 0<t< E; (45)

(@ =281, - C0), ;s t<T.

According to (45) , we calculate the utility of terminal wealth, and find that the utility in friction market
and in frictionless market are the same, hence (45) is indeed the optimal strategy under semi-variable cost.

We can also know from (44) that with the increase of the price for risky assets with transaction costs,
the shadow price will also increase; in addition, with the increase of the fixed cost C and the fixed proportional
coefficienta, the shadow price will decrease.

94.60
94.40

94.20

Shadow price S
[(e] (o) [(o]
w w B
[e)] (0] o
o o o

93.40
93.20

93.00
0.50% 0.55% 0.61% 0.67% 0.73% 0.81% 0.89% 0.97% 1.07% 1.18% 1.30% 1.43%

transaction cost rate A

Figure 1: The relationship between shadow price S and transaction cost ratex
Figure 1 is the change of shadow price for every 10% increase of transactioncost rate. With the increase of

transaction cost rateA, shadow priceSdecreases gradually.
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Figure 2: The relationship between shadow price S and fixed cost C
Figure 2 is the change of shadow price for every 10% increase of fixedcost C. With the increase of fixed

cost C, shadow price S decreases gradually.
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Shadow price 5
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0.00 30,00 100.00 150.00 200,00 250,00 200,00
The price of security in friction market 5t

Figure 3: The relationship between shadow price S and the price of security in friction market S,
Figure 3 is the change of shadow price for every 10% increase of the priceof security in friction market S;.
With the increase of the price of securityin friction market St, shadow price S also increases.

V. Conclusion
Based on real market transactions, we consider an asset allocation problem in the form of semi-variable

transaction costs, and prove the existence of shadow price. Then we give the analytical formula for the problem
with friction under the property of shadow price with the price of security in friction market. Our conclusion
provides another way to solve the expected utility maximization problem with constraints.
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